Symplectic 4-manifolds (X, ω) with b + =1 are roughly classified by the canonical class K and the symplectic form ω depending upon the sign of K 2 and K · ω.
Introduction
Symplectic manifolds with b + = 1 are useful because they often form the basic building blocks for symplectic manifolds with b + > 1. Furthermore, the Seiberg-Witten invariants have a richer structure when b + = 1 allowing one to make and test hypotheses about symplectic manifolds that might be true
For a general symplectic 4-manifold, the Kodaira dimension is defined to be the Kodaira dimension of a minimal model of (X, ω). (The minimal model may not be unique, but κ(X, ω) is still well-defined.) Note that examples with K 2 > 0, K · ω = 0 do not exist [6, 12] .
Kähler surfaces provide many of the known examples of minimal symplectic 4-manifolds. For instance, κ(X, ω) = −∞ if and only if X is diffeomorphic to a rational or ruled surface [8] . In this paper we are interested in symplectic 4-manifolds that satisfy κ = 1 and b + = 1. For these manifolds the first Betti number is always zero or two:
Noether's formula requires that b 1 is even and the restriction on the size of b 1
follows from the Hirzebruch signature theorem,
where χ is the Euler class of X and σ is its signature. 
In particular, X g is SW-simple type.
When g = 1, the manifold X g satisfies all of the conditions in Theorem 1 except that κ = 0.
Construction
In this section we construct a manifold X g with the properties above for each integer g > 1 using a technique similar to those found in [13, 5] . Let Σ be a which represent a dual basis for H 1 (Σ; Z) with respect to the a i 's and b i 's, i.e.,
and zero otherwise.
Consider an orientation-preserving diffeomorphism ϕ : Σ → Σ with the following matrix with respect to the basis above:
where ker(A − Id) = 0. Note that this means ϕ
, and that dim ker(ϕ * − Id) = 1.
Such diffeomorphisms exist for any genus. For the purposes of this paper, we will consider diffeomorphisms given by the following sequence of Dehn twists acting on the left,
for each genus g. 
is a smooth, closed, 3-dimensional manifold.
The 4-manifold that we will construct is a nontrivial circle bundle over Y . This circle bundle has to be chosen carefully because 4-manifolds which are circle bundles over a 3-manifold which fibers over S 1 are not necessarily symplectic (cf. [1] ).
In order to show that the 4-manifold has the desired properties we need to describe its cohomology and the cup products explicitly. We begin by first writing down a basis for the cohomology of Y . 
basis for this space as well. Let Ω Σ be the volume form on Σ. There exists a 2-form Ω on Y which restricts to the volume form Ω Σ on each fiber Σ of p : Y → S 1 . One way to get this 2-form is to take a metric g Y on Y such that θ is harmonic, then the Hodge dual Ω = ⋆θ is the desired form.
To get the second basis element, glue up α 1 to get a 1-form on Y by setting in H 2 (Y ; Z). There is a connection 1-form η for this bundle whose curvature form is α ∧ θ, i.e., dη = π
then ω is non-degenerate because ω 2 is the pullback of the volume form on Y wedge a nowhere-zero 1-form η. It is also closed since
Thus (X g , ω) is a symplectic manifold.
Next we show that b + (X g ) = 1, and that X g satisfies the conditions K ·[ω] > 0 and K 2 = 0. A calculation using the Gysin sequence and the fact that χ = 0 shows that the cohomology H 2 (X g ; Z) is 2-dimensional.
is a basis for H 2 (X; Z) with intersection matrix 
Thus X g is not of Lefschetz type and does not admit a complex structure.
Seiberg-Witten invariants and the wall crossing formula
The Seiberg-Witten invariants of a 4-manifold X for a fixed Spin c structure is the count of signed solutions to a partial differential equation on the spinor bundle. In this section we give a brief introduction of the relevant topics needed to understand why the Seiberg-Witten invariants are diffeomorphism invariants for X g and to understand why they do not carry metrics of positive scalar curvature.
Fix a metric h on X. A Spin c structure on the 4-manifold X is a pair ξ = (W, σ)
consisting of a rank 4 complex bundle W with a hermitian metric (the spinor bundle) and an action σ of 1-forms on spinors, 
Here F + A is the projection of the curvature onto the self-dual two forms, δ ∈ Ω + (X; iR) is self-dual 2-form used to perturb the equations, and q :
|Ψ| 2 is the adjoint of Clifford multiplication by self-dual 2-forms,i.e,
for all self-dual 2-forms β ∈ Ω + (X; iR) and all sections Ψ.
For a fixed metric h and perturbation term δ, the moduli space M(X, ξ, h, δ)
is the space of solutions to the Seiberg-Witten equations modulo the action of the gauge group G = Map(X, S 1 ). For a generic choice of (h, δ) the moduli space is a compact, oriented, smooth manifold of dimension
which is independent of metric and perturbation when b + (X) > 1.
The Seiberg-Witten invariant SW X (ξ) is a suitable count of solutions. In 1995 Li and Liu proved a general wall crossing formula which describes how the Seiberg-Witten invariants change when crossing a wall [7] . The wall crossing formula for X g can be stated as follows:
There exists a basis {y 1 , y 2 } of H 1 (X g ; Z) depending on ξ such that
for i = 1, 2. Then, after crossing a wall, the SW X (ξ) changes by ±y 1 y 2
If there exists an element in H 1 (X; R) which annihilates H 1 (X; R) by cup product, the Seiberg-Witten invariant of X does not change after crossing any wall in G(X). In that case the Seiberg-Witten invariants of X are independent of the metric and perturbation, and are smooth invariants of the manifold.
We finish this section by showing that X g does not carry a metric of positive scalar curvature. Since X g is symplectic, the Seiberg-Witten invariants are nontrivial by a theorem of Taubes [12] . It was shown in Section 4 that [π
annihilates H 1 (X g ; R), thus the Seiberg-Witten invariants for a given Spin c structure are the same in both chambers by the wall crossing formula above.
The existence of an irreducible solution for all good pairs then implies the standard fact in Seiberg-Witten theory that X g can not have a metric of positive scalar curvature (cf. [4] ).
In this section we explicitly calculate the Seiberg-Witten invariants of the manifold X g for any genus g > 0 using the formula described in [2] . By a theorem of Meng-Taubes [9] , the Seiberg-Witten invariant of Y is
where t = exp(P D[t]) = exp(Ω Σ ).
